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Abstract

Virtual networks provided by communication carriers are established for users to achieve spe-

cific demands conveniently, such as the traffic demands and quality requirements. Since virtual

networks are constructed on the physical topology provided by communication carriers, the per-

formance of virtual networks is limited by the physical topology. Our research group has revealed

that the fractality of virtual network, which is basically characterized by high hierarchy and high

modularity, is a key to achieving resilience, efficiency, and scalability of information communi-

cations.In this thesis, we focus on the effect of physical topology on supporting fractal virtual

networks. To support the virtual networks for more convenient information communication, there

is a need to improve the capability of the physical topology. We expect that an optimal physi-

cal topology can flexibly and robustly support fractal virtual networks with low distance costs of

information transferring. Specifically, when the physical topology meets the node failures, the

physical topology still can support the virtual networks and perform robustly with holding the

connectivity of themselves and can make the virtual networks consume low costs which are the

physical distances. We construct a fractal virtual network on several kinds of physical topologies

and evaluate the cost-efficiency of physical networks. We find that the scale-free physical topol-

ogy where the degree distribution follows a power law can keep connected and has less than 1.01

rate of changing on distance cost, while other kinds of physical topologies lose the connectivity or

remain high distance costs with more than 1.02 rate of changing on distance cost.
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1 Introduction

Nowadays, many people in the world enjoy the Internet with high-speed information transmitting.

It is attributed to the actually existent resources of information networks with wise configuring, but

the wide applying of virtual networks is crucial to improving the utilization efficiency of physical

resources in information networks. Virtual networks are formed by combining hardware and soft-

ware resources to realize varieties of aimed functions more efficiently. As software is the essential

component in virtual networks and strategic to determine the function of a virtual network, it is

explicit that virtual networks do not actually exist. It is the virtual network that can expand the

functions of physical network resources and improve the efficiency of utilizing physical network

resources. Further, with emerging of both SDN (Software Designed Networking) and NFV (Net-

work Function Virtualization), virtual networks will be easily created and heavily used. This trend

makes information networks pay more attention to virtual networks. Virtual networks are worth to

be developed as the important components both in current information networks and in the future

of information networks.

Links in virtual networks represent some relations between nodes or modules as people’s at-

tempts but are not the actual routes which information passes by. Thus, the actual routing paths

for information transferring between node pairs of virtual networks are provided by physical net-

works which the virtual networks are embedded on. In other words, the communication in virtual

networks is all supported by physical networks, and even the realization of the communication

in virtual networks is the realization of the information transfer between corresponding parts in

physical networks.

In the real world, virtual networks provided by communication carriers or users are established

for users to achieve variously specific demands conveniently, such as the traffic demands and qual-

ity requirements. Once users are allowed to access networks provided by ISPs or communication

carriers, they can acquire the services provided by resources of physical topologies supplied by

ISPs or communication carriers. Though ISPs or communication carriers provide a large scale of

information network resources, the parts working as the same function, which users pay for or

which users can use for their specific communication demands, always have much smaller scales

than the whole physical topologies resources. It can be said that virtual networks can select any

parts of physical networks to become an useful and effective networks utilized by people so that
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virtual networks are flexible.

Recently, fractality emerges from the organizations of networks on different fields as biology,

technology, and sociology. Fractality is a principle that describes organizations which share self-

similarity on all length scales [2]. It is also discovered in brain functional networks. With more

observations on biological networks, it indicates that there are few hub-hub connections, also being

called “disassortativity”, in fractal networks. Hubs are the most connected nodes in networks.

In Ref. [2], it shows that the fractal property of networks significantly increases the robustness

against targeted attacks because the hubs are more dispersed in the network. It means that fractal

topologies can hold the connectivity, where each node in topology has, at least, one or more

route to reach all other nodes, after removing more hubs than non-fractal topologies. Moreover,

fractality leads to rich modules and hierarchical structures due to its feature of self-similarity on all

length scales. In brain networks [1] which are fractal with rich modules and hierarchical structures,

the modularity leads to the segregation functions that each module can perform a specific function

inside itself, and the hierarchy leads to the integration functions that different modules perform a

specific function together between modules. It is even said that fractality existing in brain networks

contributes to the excellent performance on achieving brain functions.

Due to lots of advantages of fractality, it can be expected to utilize such a topological property

of fractality into virtual networks for information networks to perform as like in the case of bio-

logical networks. Ref. [3] shows that the fractal topologies can keep reachability between modules

against the various types of node failures and relax the traffic concentration. This result provides

the potentiality of raising information networks performances by applying fractal virtual networks.

Therefore, virtual networks with fractality is an expected subject and is also a developing trend

which is potential to promote the advanced performance for information networks.

However, we do not suggest to bring fractality into physical network topology of informa-

tion networks. The reason is that fractality leads to what physical topology cannot support virtual

networks efficiently enough. It is because fractality has an effect on the long diameter which is

the longest distance of the shortest path among all node-pair distances in the whole topology. As

known, the types of virtual networks on the structure are diverse and with the development of soci-

ety, more and more virtual networks will be added to information networks. To support varieties of

virtual networks well at the same time, the most important target of physical network is to realize

the rapid information transferring, which we call “efficiency”. Inversely, the self-similarity on all
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length scales of fractality means that the diameter of fractal topology is exponential times as the

diameter of the smallest module. As the scale of information networks grows day by day to meet

human’s demands, the diameter of fractal topology will exponentially increase with the growing

scale. So fractality violates the requirement of high efficiency so that it is not suggested to bring

fractality into physical topology for information networks.

As introduced above, virtual networks are constructed on physical networks. So no matter how

functional the virtual networks are, they need physical networks under them to support their per-

fect performances. That is, the physical topology for information networks plays an essential role

in information transfer. As known, besides physical materials for signals transferring and routing

algorithms, the structure and the way of connecting devices and cabals, which are called nodes

and links respectively, basically affect the performances of networks. These characteristics on

structures are called topological properties, and they can be used to describe all kinds of networks

on patterns of structures. Among many classifications of networks, according to whether owning

the real spaces, they can be divided into two types of networks, virtual networks, and physical

networks. In information networks, physical network refers to the network are comprised by the

infrastructure including cables, routers, servers, etc. On the other side, virtual networks in in-

formation networks are constructed according to varieties of people’s demands based on physical

networks. They can use all of the physical resources of physical networks, and also, can partially

use the physical resources of physical networks according to their expected functions. They usu-

ally use nodes of physical networks as nodes and connect nodes by links which are determined

by the actual demands of communications. Hence, it is necessary to discover or even design a

physical topology for physical networks supporting virtual networks with diverse changing, such

as the input of fractality.

On biological complex networks, brain networks are similar to information networks that there

are structural connectivity and functional connectivity where structural connectivity is obtained

from anatomical nervous networks and functional connectivity is mapped according to the cor-

relation of brain regions. In Ref. [4], it indicates that brain network organization including both

structural connectivity and functional connectivity is economical that there is a trade-off between

cost and efficiency, where cost refers to the link density and efficiency refers to all the length of

the shortest paths between each node pair. Further, functional connectivity is always changing to

achieve specific functions of the brain while keeping economical under the supporting of structure
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connectivity which changes less than functional connectivity. Information networks are somehow

similar to the mechanism of brain networks that virtual networks are supported by the physical

network whose topology changes less than virtual networks.

Inspired by brain networks, we consider that we can have a physical topology performing as

perfect as brain structure connectivity. Therefore, to bring both the advanced fractal property and

learning from advanced brain networks, we focus on investigating the optimal type of physical

topology to support fractal virtual networks flexibly with low distance costs. And to hold the

robustness of fractal virtual networks, we also stipulate this type of physical topology that it can

support fractal virtual networks robustly with low distance costs and less changing on distance

costs when meeting with node failure.

This thesis is organized as follows. In the Section 2, we define designing criteria of physical

topology to support fractal virtual networks; Section 3 induces an optimal problem for physical

topology supporting fractal virtual networks with designing criteria; Section 4 provides an opti-

mization algorithm for leading to the result of this study; Section 5 obtain a result of this study

by numerical evaluation following optimizing formula and applying the optimization algorithm.

Finally, we conclude the study work in Section 6 .
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2 Connectivity Requirements of Physical Topology to Support Frac-

tal Virtual Networks

Neural connectome of human brains can be modeled and expressed by brain networks or brain

graphs which are composed of nodes and edges on the basis of the activities of brain neural sys-

tems. A node of brain networks is a portion of the system that is separable from the other portion

of the system in some way [4]. There are many ways to defining nodes in brain networks. For

instance, a ROI (Region Of Interest) of the cortex can be defined as a node in brain networks. On

the other hand, an edge of brain networks represents a relation between two nodes connected by

it and the defining ways are more open to a variety of legitimate choices. In structural brain net-

works, an edge is derived from anatomical connectivity which represents actual existing of axonal

connection between gray matter regions anatomically. In functional brain networks, an edge is

defined by measuring two processes behaving similarly over time. The correlative coefficient is

a measure of functional connectivity for estimating the similarity of behavior between two areas.

With a set thresholding of correlative coefficient, functional networks can be constructed, whose

edges have correlative coefficient larger than the thresholding. Therefore, it is obvious that edges

in structural brain networks actually occupy physical spaces and exist anatomically, and edges in

functional brain networks do not occupy physical spaces and represent similar behaviors over time

dynamically.

In brain networks, activities of functional networks are supported by the connectivity of struc-

tural networks. Experiments have shown that the structural and functional connectivity of brain

networks have high positive correlations with each other [5]. In other words, if two brain areas

are strongly connected anatomically, it is likely that they will share high functional correlations

too. Moreover, brain networks scientists are paying much attention on inferring both structural

connectivity from functional connectivity [6] and functional connectivity from structural connec-

tivity [5] in several disciplines. All these works indicate that structural brain networks provide

their anatomical resources for realizing functional conscious tasks, strongly based on the demands

of their functional brain networks. Ref. [1] reveals that brain networks negotiate the trade-offs

between wiring cost and topological efficiency value (as seen in Fig. 1). In graph theory, wiring

cost refers to the link density of brain networks and topological efficiency refers to the total dis-

tances which all node pairs take to realize the signals transmitting between them. To achieve a
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Figure 1: Complex brain network with structures is economical to negotiate on the trade-off be-

tween cost and efficiency [1].

.

high efficiency maximized by a random topology, brain networks will contain to more edges be-

tween long-distance nodes to minimize the total distances. On the other side, to achieve a low

wiring cost minimized by lattice-like topology, brain networks will decrease the number of edges

to minimize the energy of building edges. Brain networks always negotiate their topologies for

functional conscious tasks between these two extreme cases.

In information networks, there are physical topology and virtual network as same as the rela-

tion between structural and functional networks in the human brain. Physical topology occupies

physical spaces and virtual networks do not occupy physical spaces. Nodes in virtual networks use

the resources of the nodes of physical topology, and links in virtual networks do not exist spatially

and represent the communication demands or relations, etc. Due to the advanced performances of

brain networks, it is beneficial for information networks to learn from brain networks. According

to the characteristics of structural networks supporting functional networks in the brain, we ex-

tract some criteria of physical topology as follows for supporting fractal virtual networks and it is

feasible to design a physical topology following such criteria because information networks and

brain networks can be all measured by graph theory.
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2.1 Flexibility

As brain functional networks, which embedded on the brain structural network, can change their

topologies into many kinds of networks for the conscious tasks, it can be said that brain struc-

tural networks can flexibly support functional networks with topological changing on the basis of

functional tasks. The capability of flexibly supporting functional networks of structural networks

in the brain is reflected on following the economy of brain network organization, the trade-offs

between a wiring cost and efficiency, no matter what types of functional networks change to.

Inspired by this view, we redefine the flexibility of physical topology when supporting fractal

virtual networks in the field of information networks. A physical topology with flexibility should

support many fractal virtual networks with a low average distance cost. The capability of flexibly

supporting fractal virtual networks of physical topology is reflected on keeping low distance cost

which is the basic requirement of information networks, no matter what structures of fractal virtual

networks have.

2.2 Robustness

As brain functional networks of normal human, which embedded on the brain structural network,

can precisely realize varieties of conscious functions, it can be said that brain structural networks

can robustly support functional networks working without faults. The capability of robustly sup-

porting functional networks of structural networks in the brain is reflected on successfully realizing

the conscious functions, no matter what conditions brain network system meets. Even in disease

states, such as Alzheimer’s disease [7,8], brain networks still keep connected and potentially pro-

vide important biomarkers for psychiatric and neurological disorders [9].

Inspired by this view, we redefine the robustness of physical topology when supporting fractal

virtual networks combining to the characteristics of fractal networks in the field of information

networks. Among many characteristics of fractal networks, robustness against hub failures is sig-

nificantly predominant in network science. Considering this characteristic, we define that a phys-

ical topology with robustness should support fractal virtual networks with hub failures by holding

the connectivity and with a low distance cost. Therefore, the capability of flexibly supporting

fractal virtual networks of physical topology is reflected on holding the connectivity which is the

basic requirement for supporting fractal networks, but also keeping a low distance cost which is the
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basic requirement of information networks, when fractal virtual networks meet with hub failures.

2.3 Topological Properties

Brain networks show a complex topology for themselves to be able to negotiate the topology

following the trade-offs economy. Based on it, the type of a physical topology which can support

fractal virtual networks flexibly and robustly should be one of the types of complex networks.

For this view, we investigate several types of networks and conclude them with main feature

illustration as follows.

• Small-world networks: Networks which have large clustering coefficient and short path

between each pair of two nodes and follow equations (1)(2)(3) [10]. In these equations,

small-world network has a clustering coefficient,C, and greater than the clustering coeffi-

cient of a random network,Cτ , and the path length,L, is about the same as the path length

of a random network,Lτ , therefore a small-world scalarσ > 1.

• Scale-free networks: Networks whose degree distributions follow power-law of the form

P (k) k−γ , wherek is a degree value [11].

• Random graphs: Networks which are obtained by starting with a set ofn isolated nodes and

adding links between them randomly. And they have arbitrary degree distribution due to the

random connecting.

• Lattice graphs: Networks which are regular on the structure and embedded in some Eu-

clidean spaceRn.

• Fractal networks: Networks whose structures look the same on all length scales on geomet-

ric theory [2].

σ =
C
Cτ

L
Lτ

> 1 (1)

γ =
C

Cτ
> 1 (2)

λ =
L

Lτ
∼ 1 (3)
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Therefore, an optimal physical topology will be one type of above networks or mixed type of

them.
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3 An Optimization Problem of Physical Topologies with Capacity

and Connectivity Requirements

3.1 Literal Expression of Optimization Problem

Designing Criteria of Physical Topology for Supporting Fractal Virtual Networks are established

on three aspects which include two features of supporting performances, flexibility and robustness,

and one limited topological type. The multiple criteria lead to that this study is an optimal problem.

There are two reasons which lead to this study becoming an optimal problem. The one is that the

two features of supporting performances exist at the same time so that it is difficult to find or

design a physical topology which can perform best at both two aspects. The other one is that

the number of types of physical topology candidates cannot be fixed so that we can explored

continually designed methods of physical topology are improved gradually. Therefore, it is an

approach to induce and this study into an optimal problem.

First, we start with designing criteria introduced in the section 2 to define the optimal problem.

As the topological properties will be a result of the type of the found or designed physical topology,

the criterion of “Optimal Physical Topology Should Be with Topological Properties in the Field of

Complex Networks” is set as a designing premise of physical topology. And the other two criteria

on flexibility and robustness are set as the optimized target objects.

Second, after having the optimized target objects, we consider the measures of optimized target

objects, flexibility, and robustness. Based on the definitions of capabilities both on flexibility and

robustness, we draw up the measure for each object. For flexibility, average distance cost. which

is the sum of the distance lengths of the shortest paths between all node pairs, measures that the

lower it is, the more flexible the physical topology is to support fractal virtual networks. For

robustness, changing rate of the distance cost, which compares the cost of physical topology with

connectivity under failures to origin cost before failures, measures that the smaller the rate is, the

more robust the physical topology is to support fractal virtual networks with hub failures.

Thus, the optimization problem for this study is to minimize the average distance cost and

the changing rate of the distance cost with both the constraint of holding the connectivity under

hub failures and the constraint of the definition of distance cost which is the sum of the distance

lengths of the shortest paths between all node pairs. We provide a mathematical expression for
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this optimal problem and illustrate it in the next subsection.

3.2 Mathematical Expression of Optimization Problem: Problem Formulation

3.2.1 Settings Prepared for Formula Expression

On notations, I introduce the definitions at 4 aspects.

First, formulate the notations on graph definitions as follows.

G = (V,E,W ): The unified graph definition for physical topology. In different cases, it will

bring on subscript or superscript, such asGtopology.

• V : The total nodes set. We usev(v = 1, 2, ..., |V |) to label a node.

• E: The total links set. We usee(e = 1, 2..., |E|) to label a link.

• W : The lengths set of total links for this study. We usewe(we = w1, w2, ..., w|E|) to

label a length of a link.

G = (V,E): The unified graph definition for virtual network. In different cases, it will bring on

subscript or superscript, such asGvirtual.

Mtopology: The total physical topologies set.

Mvirtual: The total virtual networks set.

Rnode: The failed nodes set.

Second, formulate the notations on traffic demand as follows. All demands arise from the

virtual networks.

D: The total number of traffic demands. On the present phase, we simply use it to express the

end node pair of traffic demand.

d: A label to express a traffic demand,d(d = 1, 2, ..., D)

Third, formulate the notations on the paths as follows. All paths is in the physical topology to

achieve the demands of virtual networks.

Pd: The total number of candidate paths for demandd.
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Pdp: A path for demandd.

p: A label to express assigned path,p(p = 1, 2, ..., Pd).

Pd: The total paths set for demandd, Pd = (Pd1, Pd2, ..., PdPd
)

At last, formulate the notations on others

f : It is used as a subscript to express that the virtual network is fractal.

∗: It is used as a superscript to express that the physical topology is under the node failure or the

virtual network is supported by a physical topology under the node failure.

I introduce two parameters which are given parameters and a variable.

We have given parameters as follows.

• Rnode

• Mvirtual andMtopology

• Gf = (Vf , Ef ) ∈ Mvirtual is the fractal virtual network.

And there is only one variable in this formulation as follows.

• Gx = (Vx, Ex,Wx) ∈ Mtopology

For the target formula, I divide it into two items which are about flexibility and about robust-

ness.

For flexibility,

δexdpx =


1 if link ex belongs to path px for demand d

0 otherwise.

DistanceCost(d) =
∑
e

δexdpx × wex (4)

DistanceCost(Gvirtual) =
∑
d

DistanceCost(d) (5)

DistanceCost(Mvirtual) =
∑

Gvirtual∈Mvirtual

DistanceCost(Gvirtual). (6)
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For robustness,

DistanceCost(df∗) =
∑
e∗x

δe∗xdf∗p∗x × w∗
e∗x

(7)

DistanceCost(Gf∗) =
∑
df∗

DistanceCost(df∗) (8)

Co−DistanceCost(df∗(Gf )) =
∑
ex

δexdf∗px × wex (9)

Co−DistanceCost(Gf , Df∗) =
∑
df∗

Co−DistanceCost(df∗(Gf )).

3.2.2 Result Formula with Constraints

The result of problem formulation is as follows.

Minimize
DistanceCost(Mvirtual)

|Mvirtual|
+

DistanceCost(Gf∗)

Co−DistanceCost(Gf , Df∗)
(10)

Constraint 1: The shortest path

DistanceCost(d) ≤
∑
ex

δexdix × wex ,

for each path ix, 1 ≤ ix ≤ Pd (11)

DistanceCost(df∗) ≤
∑
e∗x

δe∗xdf∗ i∗x × w∗
e∗x
,

for each path i∗x, 1 ≤ i∗x ≤ Pdf
∗ (12)

Co−DistanceCost(df∗(Gf )) ≤
∑
ex

δexdf∗ ix × wex ,

for each path ix, 1 ≤ ix ≤ Pd (13)

Constraint 2: Holding the connectivity under the failure

Df =
|Vf |(|Vf | − 1)

2
(14)

Df∗ =
|Vf∗ |(|Vf∗ | − 1)

2
(15)

Pdf ̸= ϕ, for ∀df , 1 ≤ df ≤ Df (16)

Pdf∗ ̸= ϕ, for ∀df∗ , 1 ≤ df∗ ≤ Df∗ . (17)
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4 Mathematical Formulation to Decide Physical Topology

Following the optimization problem formula, if we solve the optimization problem by inputting

a physical topology which leads to the minimum value of the formula (10) and meeting the con-

straints (12) – (17), we obtain a minimum value of the formula (10) as a result. However, the result

of this study should be a type of physical topology and not a value. Therefore, we propose an op-

timization Algorithm on solving the optimization problem to obtain a type of physical topology

which will be the result of this study.

First, we try to find the solution from the parameters. It can be seen that the given parameters

are the conditions of this study which are fixed, but the variable which represents physical topology

candidates are not fixed. It indicates that only variable which is a physical topology and the result

of formula (10) under the constraints (12) – (17) can be changed and others are all fixed once given

a definition in the optimal process.

Second, we find that the result of formula (10) under the constrains (12) – (17) is determined

by the variable of physical topology with all other fixed parameters. It indicates that a physical

topology as a variable input has only one result of formula (10) under the constrains (12) – (17)

and this result cannot be minimized under the same physical topology as a variable.

According to above two findings, we propose an optimization Algorithm to achieve the study

goal following the problem formula as follows.

Step 1 Find or generate the different types of physical topology candidates as many as possible.

Step 2 Input each physical topology candidate as a variable into the formula to obtain a value of

formula under its constraints for each physical topology candidate.

Step 3 Compare these values of formula to find a minimum value and its variable physical topol-

ogy candidate.

Step 4 Conclude that the type of physical topology which leads to a minimum value of formula

under the constraints is the optimal among these physical topology candidates.
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5 Numerical Evaluations on the Capacity and Connectivity of Phys-

ical Topologies

We do the numerical evaluation following the formula (10) and its constraints from (12) to (17),

which can express the contents of this study on a mathematical method. Here, we set situations to

meet the conditions for the numerical evaluation and show the results of the numerical evaluation.

5.1 Simulation Environment

5.1.1 Models of Both Physical Topologies and Virtual Networks for Numerical Evaluation

Models are as follows and will be the objects of the numerical evaluation. The supporting com-

bination relations can be seen as Table. 5. We also provide the generating methods for all these

models.

• Full mesh networks

• Fractal networks

• WS (Watts-Strogatz) model which is small-world and represents a small-world network

• BA model which is scale free and represents a scale-free network

• Random graph

• Lattice graphs

– Ring: 1D lattice graph

– Grid: 2D lattice graph

– Cube: 3D lattice graph

Method on Generating a Full Mesh Model

The method of generating a full mesh network is to make each node connected to all other nodes.
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Method on generating a fractal model [2]

• Introduction of fractal model proposed in [2]

In general, fractal topology indicates that hubs which are the most connected nodes tend to

connect to nodes with small degree. In contrary, non-fractal topology indicates that hubs tend

to be connected with other hubs. In this reference, topologies can be modularized by directed

diameters using box algorithm. The module after modularization is regarded as a box, and the

most connected node in the box is the hub of the box. Fractal topologies are suggested to be

generated by time due to its scale-free feature.

Authors propose a mathematical model as equations(18)(19)(20) for generating fractal topolo-

gies,

Ñ(t) = nÑ(t− 1), n > 1 (18)

k̃(t) = sk̃(t− 1), a > 1 (19)

L̃(t) + L0 = a(L̃(t− 1) + L0), a > 1 (20)

Wheret represents the generation time, andÑ represents the total number of nodes, andk̃

represents the degree of each node, andL̃ represents the diameter which is the longest distance

among all the shortest paths between all node pairs, andn,s,a are all constants.

Then, a fractal topology can be generated following the mathematical model, and the sketchy

procedure is as follows.

Step 1 Set an initial structure and define this state as timet = 0.

Step 2 Set a boxsizel which is the diameter of each box.

Step 3 Regard each node as a box, and add nodes with links into box so that the boxsize of each

boxes reachsl.

Step 4 Rewire the connections of hubs between boxes to ensure that there is no hub-hub connec-

tion.

Step 5 Set the current state as timet = t+ 1.
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Figure 2: MODE2 (fractality: hub-hub repulsion). The time generating pattern of fractal topolo-

gies.
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Step 6 Return to Step 3 until the scale of topology has reached what expected to.

The topology generated by above procedure is a fractal one, called “MODE2” in Ref. [2]. We

can see a simple example of the pattern of the generation with a time of a fractal topology as Fig.

2.

With a little modifying in the procedure as follows, we can also obtain a non-fractal topology

by this mathematical method.

Step 1 Set an initial structure and define this state as timet = 0.

Step 2 Set a boxsizel which is the diameter of each box.

Step 3 Regard each node as a box, and add nodes with links into box so that the boxsize of each

boxes reachsl.

Step 4 Check the connections of hubs between boxes to ensure that there are all hub-hub connec-

tions.

Step 5 Set the current state as timet = t+ 1.

Step 6 Return to Step 3 until the scale of topology has reached what expected to.

The topology generated by above procedure is a non-fractal one, called “MODE1” in Ref. [2].

We can see a simple example of the pattern of the generation with a time of a non-fractal topology

as Fig. 3.

By the two above generating procedures, both fractal and non-fractal generated topologies

follows the mathematical equations(18)(19)(20).

• The Minimal Model

There is the simplest model, called “the minimal model”, as a type of generating. The gener-

ating procedure is as follows with more specific parameters.

Step 1 Set a 5-nodes star structure as an initial structure and define this state as timet = 0.

Step 2 Set a box sizel = 3 which is the diameter of each box.
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Figure 3: MODE1 (non-fractality: strong hub-hub attraction). The time generating pattern of

non-fractal topologies.
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Step 3 Set a parameterm = 2 which means that add new nodes to the existing node with the

number as the twice number of the degree of it.

Step 4 Regard each existing node as a box and add new nodes to it.

Step 5 Rewire the connections of hubs by that choose a less connected node from each box instead

of the hubs for connecting between boxes.

Step 6 Set the current state as timet = t+ 1.

Step 7 Return to Step 3 until the scale of topology has reached what expected to.

Step 5 is significant to determine the fractal feature of generated model. If we rewire the

connections between boxes with probability,e, the generated model can be controlled on the

ingredient of fractality.(Seen as Fig.4)

Moreover, we ensure that all fractal topologies used in the evaluation had been verified on the

fractality by the fractal dimension with applying a box-covering algorithm [12–14].

Method on generating a WS (Watts-Strogatz) model [10]

Watts and Strogatz proposed a one-parameter model that interpolates between an ordered finite-

dimensional lattice and a random graph. The algorithm [11] behind the model is as follows.

(1) Start with order: Start with a ring lattice withN nodes in which every node is connected to

its firstK neighbors (K/2 on either side). In order to have a sparse but connected network

at all times, considerN ≫ K ≫ ln(N) ≫ 1.

(2) Randomize: Randomly rewire each edge of the lattice with probabilityp such that self-

connections and duplicate edges are excluded. This process introducespNK/2 long-range

edges which connect nodes that otherwise would be part of different neighborhoods. By

varying p one can closely monitor the transition between order(p = 0) and randomness

(p = 1).

Method on Generating a BA model

To generate an assigned scale of BA model, it must have the given parameters as inputs as seen in

Table. 1.
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(a)

(b) Mode І (c) ModeⅡ

(d)

Figure 4: The minimal model [2]. Figure(a) is the initial structure at time stept = 0 and fig-

ure(b)(c)(d) are non-fractal, totally fractal, and with 50% fractality at time stept = 1, respectively.

Table 1: Given parameters for generating a BA model

The number of initial The total number The total number The number of links

Inputs connected nodes of nodes of links added to a new node

n N L m
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Based on these given parameters, we can obtain a probability,P , which can lead to the BA

model generated as an assigned number of links.

L0 =
1

2
n(n− 1) +m(N − n) (21)

P =
L− L0

N − n
(22)

There is a preferential attachment [11] of BA modelthat a new node trends to choose the

existing nodei to connect with the probabilitypi. In the equation (23),ki represents the degree of

the existing nodei, and the denominator of this equation represents the sum value of the degrees

of all the existing nodes.

pi =
ki∑
j kj

(23)

Then the generating steps are as follows.

Step 1 Build an initial topology with n nodes to a completed graph.

Step 2 According to preferential attachment, choose an existing node.

Step 3 Add a new node to the chosen existing node.

Step 4 Get a temperate random value, r. Ifr <= P , then choose another m existing nodes for a

new node to be added to. Else, choose another(m− 1) existing nodes for a new node to be

added to.

Step 5 Return to Step 3 to add more new nodes until the total number of generated topology

reaches toN .

Method on Generating a ER Model

To generate an assigned scale of random network by the method of ER model [15], it must have

the given parameters as inputs as seen in Table. 2.

Based on these given parameters, we can obtain a probability,P , which can lead to the ER

model model generated as an assigned number of links.

P =
L

1
2N(N − 1)

(24)

Then the generating steps are as follows.
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Table 2: Given parameters for generating a ER model

Inputs The total number of nodesThe total number of links

N L

Step 1 Get a new random value, ”ratio”, which is generated from Random Class for a node pair.

Step 2 If ratio <= P , add a link into this node pair.

Step 3 Return to step1 until each different node pairs have been given one and only one random

value for adding a link.

Step 4 Check whether the final ER model is connected.

Step 4.1 If not, discard the final ER model and generate the ER model from beginning

step1.

Step 4.2 Else, return a topology of this final ER model.

Method on Generating Lattice Graph models

The characteristic of lattice graph is that once the dimension and the number of nodes in each

dimensional direction are determined, the scale of the number of nodes and the number of links

are determined.

• 1-Dimensional Lattice Graph: Ring

The generating method of the ring topology is to make each node connect to its left neighbor

node and its right neighbor node.

• 2-Dimensional Lattice Graph: Grid

The generating method of the grid is to make each node connect to its upper node, below node,

left node and right node if its neighbor node exists.

The given parameters are in Table. 3.

Then the generating steps are as follows.
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Table 3: Given parameters for generating a 2-dimensional lattice graph: Grid

Inputs The number of nodes on x-axisThe number of nodes on y-axis

Nx Ny

Table 4: Given parameters for generating a 3-dimensional lattice graph: Cube

The number of The number of The number of

Inputs nodes on x-axis nodes on y-axis nodes on z-axis

Nx Ny Nz

Step 1 Set a 2-dimensional coordinate(xi, yj), 0 ≤ i < Nx, 0 ≤ j < Ny to each node.

Step 2 Connect this node(xi, yj) to its upper, below, right and left nodes coordinate(xi − 1, yj),

(xi + 1, yj), (xi, yj − 1), (xi, yj + 1). But if the coordinate is over the coordinate defined

range, do not connect.

• 3-Dimensional Lattice Graph: Cube

The generating method of the cube is to make each node connect to its upper node, below

node, left node, right node, front node and behind node, if its neighbor node exists.

The given parameters are in Table. 4.

Then the generating steps are as follows.

Step 1 Set a 2-dimensional coordinate(xi, yj , zk), 0 ≤ i < Nx, 0 ≤ j < Ny, 0 ≤ k < Nz to

each node.

Step 2 Connect this node(xi, yj) to its upper, below, right and left nodes coordinate(xi −

1, yj , zk), (xi +1, yj , zk), (xi, yj − 1, zk), (xi, yj +1, zk), (xi, yj , zk − 1), (xi, yj , zk +1).

But if the coordinate is over the coordinate defined range, do not connect.

5.1.2 Condition Settings

I have introduced four aspects of condition settings for this evaluation.
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Table 5: The supporting combination relation between virtual networks and physical topology

candidates in this study.

Physical Topology Fractal virtual network FullMesh virtual network

Candidates Hub failure Random node failure

Lattice1D-Ring ○ ○

Lattice2D-Grid ○ ○

Lattice3D-Cube ○ ○

Scale Free-BAmodel ○ ○

Small World-WSmodel ○ ○

Random Graph-ERmodel ○ ○

Fractal ○ ○

Star × ×

First, node matching from virtual network to physical topology is necessary and we match

them at random. In the real world, virtual networks are constructed after the physical topology

exists so that what nodes of physical topology are used as the nodes of virtual networks has been

determined as virtual networks appear. However, we design a physical topology in this study for

virtual networks which will be widely used in the next generation information networks, and this

makes that there is no corresponding relation between physical topology nodes and virtual network

nodes in simulations.

Random node matching can simulate all kinds of cases in the real world. Even setting random

matching can relax the traffic concentrating on hubs, comparing to node matching based on nodal

degree. However, to obtain the general results, we will simulate the physical candidates by many

random numbers and use the average data as the results on average performances.

Second, to prove the result of this study which can support fractal virtual networks well, the

evaluation on supporting a full mesh virtual network as a contrast is necessary. That is to say that

we will evaluate physical topology candidates both on supporting fractal virtual networks and on

a supporting full mesh virtual network.

Third, we simulate a node failure situation for virtual networks and observe how physical

topology candidates perform on cost for supporting virtual networks. In the real world, node fail-
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ures usually happen in the physical topology, and the corresponding nodes in virtual networks are

also failed at the same time as virtual nodes use the resources of the physical topology. Consider-

ing about this reality, we set the situation for this study that failed nodes found in virtual networks

means that the corresponding nodes in physical topology candidates are also out of work. In other

words, we will simulate the node failure in both virtual networks and physical topology candidates,

but the type of node failure is determined by virtual networks and physical topology candidates

will meet node failures following the failed nodes in virtual networks.

Moreover, we will simulate the type of hub (the node with the largest degree) failures in fractal

virtual networks and the type of random node failures in full mesh virtual networks. Fractal

networks have a highly prominent robustness against hub failures. To set the situation of hub

failures in fractal virtual networks is because we expect that our designed physical topology can

not only support fractal virtual networks with low costs when they function normally but also can

support them robustly both on connectivity and on low costs when they meet hub failures which

are the advanced aspect of fractal virtual networks.

And we set a situation for supporting full mesh virtual networks which will meet with random

node failures is because all nodes in a full mesh network have the same degree. In other words, in

full mesh networks, such homogeneous networks, we can only use a random method to simulate

node failures.

At last, we use the average performances of each physical topology as the final evaluation

results. We do the evaluation by three steps which are generating topology models, nodes match-

ing and evaluating under node failures. Random numbers are used at each steps to generate a

model with assigned scale and to match nodes at random and to remove failed nodes at random,

respectively. To avoid the effect of randomness on evaluation results, we calculate the average

evaluation value for each physical topology candidate. Therefore, all the evaluation results in this

thesis represent the average performances which have the generality in information networks.

5.1.3 Evaluating Measures

According to the formula (10) with constraints (12)–(17), there are two main measures for this

study to be focused on in the numerical evaluation, which are “cost” and “relative cost”. I prefer

to make a detailed description on definitions of both cost and relative cost again in this numerical

evaluation though they have been defined on the Section 3 of problem formulation.
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“Cost” refers to the total distances which physical topology candidate takes to support all

accessible node pairs in the virtual network, and it measures on flexibility, how much average

distance cost the physical topology takes. The accessible node pair is a node pair which has, at

least, one path between them on graph theory. The distance is the length of the shortest path of an

accessible node pair. In this study, we simulate the networks on a simple condition that network

models are undirected and unweighted on graph theory, also called “binary graph”. Therefore, it

is no need to consider about the information transferring direction between each accessible node

pair, and the distance is the smallest number of hops between each accessible node pair. It is

noteworthy that we only consider the accessible node pairs in virtual networks and calculate the

distances of corresponding node pairs in the physical topology as cost. A virtual network may lose

connectivity which means that not all nodes have a path for transferred information to be able to

arrival at all other nodes, and physical topology only supports its virtual network at the functioned

part.

“Relative cost” refers to the rate of cost changing compared cost to correlative original cost,

and it represents a measure of robustness, how much the cost changes with holding the connectivity

under hub failures. Correlative original cost refers to the cost of the currently functioned part on

the original state of both physical topology and virtual network, which is a normal state without

any failure in this study.

5.2 Results of Numerical Evaluations

We obtained the results of the numerical evaluation of following two situations, which are to

support a fractal virtual network with hub failures and to support a full mesh virtual network with

random node failures, respectively. The scale of each topology model can be seen as Table 7 and

Table. tab:basic of vn, and the degree distribution of each topology models can be seen as Fig. 5

– Fig. 8. We do the evaluation and comparing based on the golden rule [16] that the graphs to

be compared must have the same number of nodes and the same number of edges. Moreover, the

effect of randomness will be eliminated as Table. 8
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Table 6: Basic properties of two types of virtual networks in the evaluation.

Topology Type Total number of nodes Total number of links Average degree

Fullmesh 100 4950 99

Fractal Network 100 218 4.36

Table 7: Basic properties of topologies used in this evaluation. Star is not used as a candidate,

because its poor performance is obvious.

Topology Type Total number of nodes Total number of links Average degree

Lattice1D-Ring 100 100 2

Lattice2D-Grid 100 180 3.6

Lattice3D-Cube 100 235 4.7

Scale Free-BAmodel 100 235 4.7

Small World-WSmodel 100 235 4.7

Random Graph-ERmodel 100 235 4.7

Fractal Topology 100 218 4.36

(Star) (100) (99) (1.98)

5.2.1 When Physical Topology Candidates Support a Fractal Virtual Network

According to Fig. 9 and Fig. 10, we can obtain the results from figures as follows. And based

on these results, we obtain a conclusion that “ScaleFree-BAmodel” is optimal to support a fractal

virtual network among these physical topology candidates, because it has the lowest cost with the

stable changing and can hold the connectivity under hub failure.

On Origin Cost “ScaleFree-BAmodel” is optimal. (as seen in the upper panel of Fig. 9)

ScaleFree-BAmodel< RandomGraph-ERmodel< SmallWorld-WSmodel< Lattice3D-

Cube< Fractal Topology< Lattice2D-Grid< Lattice1D-Ring

On Cost under Hub Failure “ScaleFree-BAmodel” is optimal. (as seen in Fig. 9)

Random Graph-ERmodel< SmallWorld-WSmodel< Lattice3D-Cube< Fractal Topology

< Lattice2D-Grid< Lattice1D-Ring
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Table 8: To obtain the average performance, the number of avoiding the effects of randomness for

each physical topology candidate is shown. Each Lattice graph only have one pattern under 100

nodes scale.

Total number Total number Total number

Physical Topology of samples of eliminating for average

of each PT other randomness performance

Lattice1D-Ring 1 10 10

Lattice2D-Grid 1 10 10

Lattice3D-Cube 1 10 10

Scale Free-BAmodel 10 10 100

Small World-WSmodel 10 10 100

Random Graph 10 10 100

Fractal 5 10 50

On Connectivity against Hub Failure Except ”Lattice1D-Ring”, all other can hold the connec-

tivity until 0.04 rate of hub failures in the fractal virtual network. (as seen in Fig. 9)

On Cost Changing under Hub Failure “Lattice3D-Cube” is the most stable. (as seen in Fig.

10)

Lattice3D-Cube< ScaleFree-BAmodel< Lattice2D-Grid< Random Graph-ERmodel<

SmallWorld-WSmodel< Fractal Topology< Lattice1D-Ring

First, I generate a fractal model [2, 3] as the fractal virtual network in this numerical evalu-

ation. The fractal model will lose its connectivity which means unconnected network on graph

theory when it meets with four hub failures. When physical topology candidates support such a

failed fractal virtual network, the cost will get fewer and fewer because the number of accessible

node pairs which need to be supported is getting smaller as the number of failed hubs increases.

However, the measure of relative cost can observe the changing of cost on the same node pair.

More details will be introduced at following data figures. Moreover, physical topology candidates

are evaluated only under the states that virtual networks are connected.

On the other hand, physical topology candidates have no much differences on connectivity
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under failures, expressed by the length as seen in Fig. 9 in this simulation. It is because the fractal

virtual network in the simulation can hold the connectivity until 0.04 hub failures which damage

the network seriously, while physical topology candidates can almost keep connected with this

low rate of random failures.

However, it is noteworthy on the robustness of connectivity of each physical topology can-

didate. The link scales are different which can affect the results on connectivity, although we

compared the connectivity and derive the results from data. As seen in Table. 7, candidates of

Lattice1D-Ring, Lattice2D-Grid and Fractal Topology are different from others since the charac-

teristics on structures lead to the fixed average degrees.

Cost represents that the lower the cost of a candidate is, the more efficient the candidate can

support the fractal virtual network both on the normal state and on the hub failures condition.

Fig. 9 shows the cost of each physical topology candidate supporting all of the accessible node

pairs when hubs failed one by one in the fractal virtual network, and different ranges of the vertical

axis make the distinguishes among candidates more visualized.

It is obvious to find that all of these costs decrease as more hubs failed. The reason why

costs get fewer after there is node failure in networks is that accessible node pairs to be supported

get fewer as more and more nodes fail. The number decreasing of accessible node pairs to be

supported is because the node scale gets smaller due to failed nodes and the fractal virtual network

lose its connectivity which leads to accessible node pairs much fewer.

As comparing costs is under the condition that all candidates with same network scale support

the same node pairs, data of candidates after they lose connectivity cannot be compared to others

which hold their connectivity. In Fig. 9 (a), the plots on the vertical axis represent the costs in the

normal state of virtual network and the lower the cost is , the more flexible the physical topology

candidate is. In Fig. 9 (b), curses represent the robustness against failures, and the lower and

longer the curve is, the more robust the physical topology candidate is.

Therefore, we can obtain some results from Fig. 9 as follows.

• When the fractal virtual network is normal without failures, the relation between costs of

candidates,

“ScaleFree-BAmodel< RandomGraph-ERmodel< SmallWorld-WSmodel< Lattice3D-

Cube< Fractal topology< Lattice2D-Grid< Lattice1D-Ring”,
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which means the efficiency of each candidate is from high to low in the order following this

relation for supporting the fractal virtual network under the normal state.

• After the fractal virtual network meets with hub failures, all of candidates can hold the

connectivity somehow, and have the cost relation,

“ScaleFree-BAmodel< RandomGraph-ERmodel< SmallWorld-WSmodel< Lattice3D-

Cube< Fractal topology< Lattice2D-Grid< Lattice1D-Ring”,

which means the efficiency of each candidate is from high to low in the order following this

relation for supporting the fractal virtual network under the hub failures condition.

• As Lattice2D-Grid, Lattice1D-Ring and Fractal Topology have different network scales

from other candidates, they cannot compare their costs to others, but their costs are really

high which means low efficiency.

On the other aspect, the relative cost can express that smaller the relative cost is, the more

robust the candidate supports the fractal virtual network against hub failures in virtual networks.

Fig. 10 shows the relative cost of each physical topology candidate supporting all of the

accessible node pairs when hubs failed one by one in the fractal virtual network, and different

ranges of the vertical axis make the distinguishes among candidates more visualized.

As relative costs show the cost changing from the normal condition for the same supporting

node pairs, the value will be larger than 1.

Here, we also need to the comparing premise of what candidates are under the same condition.

Only the relative costs of RandomGraph-ERmodel, SmallWorld-WSmodel and Lattice3D-Cube

can be compared when the fractal virtual network meets with hub failures, it is because they have

the same network scale and can hold the connectivity somehow. Therefore, we can obtain some

results from Fig. 10 as follows.

• Under holding the connectivity, the relative cost which represents the cost changing com-

paring to the origin cost of the same supporting node pairs shows that how slowly the cost

gets high has the relation,

“Lattice3D-Cube< ScaleFree-BAmode< Lattice2D-Grid< Random Graph-ERmodel<

SmallWorld-WSmodel< Fractal Topology< Lattice1D-Ring”,
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which means that less cost changing is, more robust the candidate supports the fractal virtual

network against hub failures.

• Lattice3D-Cube has a little or no cost changing which means hub failures in the fractal

virtual network bring less change on the cost of Lattice3D-Cube. However, it has high

cost so that the least changing on cost under failures means to remain the high cost. Thus,

Lattice3D-Cube with the least changing on cost is not optimal.

• Except Lattice3D-Cube, the least relative cost is from ScaleFree-BAmodel under failures.

According to its lowest cost in normal state, ScaleFree-BAmodel can keep the lowest cost

all the times.

• The effect from the different scales should be considered on comparing, which are Fractal

Topology, Lattice1D-Ring and Lattice2D-Grid.

Therefore, based on all above illustration and analysis of data, we obtain that “ScaleFree-

BAmodel” is optimal to support a fractal virtual network among these physical topology candi-

dates, because it has the lowest cost, which is the most flexible, with the most stable changing on

low cost and can hold the connectivity under hub failure, which is the most robust.

5.2.2 When Physical Topology Candidates Support a Full Mesh Virtual Network

According to Fig. 11 and Fig. 12, we can obtain the results from figures as follows. And based

on these results, “ScaleFree-BAmodel” is optimal to support a full mesh virtual network, because

it has the lowest cost with the second most stable changing and can hold the connectivity under

random node failure.

On Origin Cost “ScaleFree-BAmodel” is optimal. (as seen in Fig. 11 (a))

ScaleFree-BAmodel< Random Graph-ERmodel< SmallWorld-WSmodel< Lattice3D-

Cube< Fractal Network< Lattice2D-Grid< Lattice1D-Ring

On Cost under Random Node Failure “ScaleFree-BAmodel” is optimal. (as seen in Fig. 11

(b))

ScaleFree-BAmodel< Random Graph-ERmodel< SmallWorld-WSmodel< Lattice3D-

Cube< Fractal Network< Lattice2D-Grid< Lattice1D-Ring
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Table 9: Basic properties of physical topology candidates for supporting the fullmesh virtual net-

work on average performances when meeting with random node failures until 0.2.

The number of failed nodes The ratio of failed nodes

Physical Topology Candidate once it loses connectivity once it loses connectivity

( and also cannot support VN )(and also cannot support VN )

Fractal 14 0.14

Lattice1D-Ring 1 0.01

Lattice2D-Grid 15 0.15

Lattice3D-Cube 18 0.18

Scale Free-BAmodel 14 0.14

Small World-WSmodel 18 0.18

Random Graph 13 0.13

On Connectivity against Random Node FailureAll candidates can somehow hold the connec-

tivity with 0.2 rate of random node failures, except Lattice1D-Ring.

On Cost Changing under Hub Failure “Lattice3D-Cube” is the most stable. (as seen in Fig.

12)

Lattice3D-Cube< ScaleFree-BAmodel< Lattice2D-Grid< Random Graph-ERmodel<

SmallWorld-WSmodel< Fractal Topology< Lattice1D-Ring

Because the full mesh is a completed graph in which each node can transfer information to

any other nodes, we only list the basic properties of physical topology candidates for supporting

the full mesh virtual network (seen as Table 9). And there is no doubt that when physical topology

loses connectivity is the time when it cannot support the full mesh virtual network anymore.

Particularly, the data in Table 9 are the average connectivity of each candidates within 0.2

rate of random node failures in virtual network and physical topologies. We eliminate the effect of

randomness on the evaluation results to evaluate many samples with different random numbers and

calculate the average value of these samples for each type of candidate as the average performance.

As the meanings of both cost and relative cost have been explained in the above part at this
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section and all plots are shown when their candidates hold the connectivity, we can derived some

results from Fig. 11 and Fig. 12 directly.

In Fig. 11, the reason of the cost decreasing as failed nodes increase indicates is only that

the node scale gets smaller due to the failed nodes. We can derive some results from Fig. 11 as

follows.

• When the full mesh virtual network is under the normal state, the relation between cost of

each candidate has,

“ScaleFree-BAmode< RandomGraph-ERmodel< SmallWorld-WSmodel< Lattice3D-

Cube< Fractal Network< Lattice2D-Grid< Lattice1D-Ring” ,

which indicates that the efficiency of each candidate is from high to low in the order follow-

ing this relation for supporting the normal full mesh virtual network .

• When the full mesh virtual network meets with random node failures, the relation between

cost of each candidate has,

“ScaleFree-BAmode< RandomGraph-ERmodel< SmallWorld-WSmodel< Lattice3D-

Cube< Fractal Network< Lattice2D-Grid< Lattice1D-Ring” ,

which indicates that the efficiency of each candidate is from high to low in the order follow-

ing this relation for supporting the full mesh virtual network with random node failures.

• The different link scales should been considered when compareing Lattice1D-Ring, Lattice2D-

Grid and Fractal Topology to others.

On the other aspect, we can derive some results from Fig. 12 as follows. The randomness has

been eliminated.

• When the full mesh virtual network meets with random node failures, before the ratio of

failed nodes increases to 0.2, the relation between relative cost of each candidate has,

“Lattice3D-Cube< ScaleFree-BAmodel< Lattice2D-Grid< RandomGraph-ERmodel<

SmallWorld-WSmodel< Fractal Topology< Lattice1D-Ring”,

which means that smaller the relative cost is, more robust the candidate supports the full

mesh virtual network against random node failures.

• Lattice3D-Cube has a little or no cost changing which means hub failures in the fullmesh

virtual network bring less change on the cost of Lattice3D-Cube. However, it has high cost
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which leads to the least changing on cost under failures means to remain the high cost. Thus,

Lattice3D-Cube with the least changing on cost is not optimal.

• Except Lattice3D-Cube, the least relative cost is from ScaleFree-BAmodel under failures.

According to its lowest cost in normal state, ScaleFree-BAmodel can keep the lowest cost

all the times.

• The different link scales should been considered when compareing Lattice1D-Ring, Lattice2D-

Grid and Fractal Topology to others.

Therefore, based on all above illustration and analysis of data, we obtain that “ScaleFree-

BAmodel” is optimal to support a full mesh virtual network, because it has the lowest cost, which

is the most flexible, with the most stable changing on the lowest cost and can hold the connectivity

under random node failure, which is the most robust.

5.2.3 Comparing the Situation of Supporting A Full Mesh Virtual Network to Both the

Situation of Supporting A Fractal Virtual Network and Brain Networks

We set the situation of supporting a full mesh virtual network to simulate a brain network environ-

ment. Although the existing of edges in brain functional networks is determined by a set threshold,

the functional networks are regarded as a full mesh generally. Since there is no samples or appre-

ciate samples of brain structural networks, we try to infer how the result of the structural networks

will be by this evaluation. Under the requirement in information networks, high efficiency is ex-

pected. Thus, we regard brain structural networks as a state of providing the highest efficiency to

brain functional networks. In this case, we infer that the result of brain structural networks will

locate below all the curves to reach the lowest cost and smallest changing rate of distance cost.

On the other side, comparing the situation of supporting the fullmesh virtual networks to the

situation of supporting a fractal virtual network, we obtain that the results are same to each other.

However, we have not known the effect of average nodal degree on scale on the evaluation results,

even the result [1] that the random topology is the most efficient in brain networks.

It indicates that the result of physical topology representing brain structural networks cannot be

applied directly in information networks as a physical topology to support fractal virtual network.

Therefore, it is necessary to find or design a physical topology to support fractal virtual network
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flexibly and robustly. Furthermore, we find the physical topology with a topological feature of

random graphs is optimal to support fractal virtual network flexibly and robustly.

41



 0

 0.2

 0.4

 0.6

 0.8

 1

 0  5  10  15  20

Pr
ob

ab
ili

ty

Degree

Degree Distribution of Fractal topology

Fractality

(a) Fractal topology

 0.001

 0.01

 0.1

 1

 1  10  100

Pr
ob

ab
ili

ty

Degree

Degree Distribution of WSmodel of Small World Network

WSmodel

(b) Small World - WS model

Figure 5: Degree Distributions (1)
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Figure 6: Degree Distributions (2)
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Cube and ERmodel as they hold the connectivity and have the same scale.

Figure 9: Cost of each physical topology candidate on supporting the fractal virtual network. All

plots are shown when candidates hold their connectivity on average performances.
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(b) Figure with 1-1.1 range of the vertical axis shows the distinguishes among relative cost of

each candidate more clearly.

Figure 10: Relative cost of each physical topology candidate on supporting the fractal virtual

network. All plots are shown when candidates hold their connectivity on average performances.
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(b) Figure with 0-50,000 range of the vertical axis shows the candidate costs more clearly.

Figure 11: Cost of each physical topology candidate on supporting the fuilmesh virtual network.

All plots are shown when candidates hold their connectivity on average performances.
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6 Conclusion

We investigated the mechanism of how structural connectivity supporting functional connectiv-

ity in brain networks and we were inspired that we should find the optimal topological property

for physical topology to support fractal virtual networks flexibly with low distance cost and ro-

bustly on holding the connectivity with less distance cost changing against hub failures. Based on

these requirements, we formulated the optimization problem of physical topology with capacity

and connectivity requirements which can provide an approach on investigating the optimal phys-

ical topology. However, the optimal physical topology cannot be directly derived by following

the general solution of the optimal problem. We proposed an mathematical formulation for solv-

ing the optimal problem to decide physical topology. We enumerated many types of topological

properties and generated topology models with these topological properties as the physical topol-

ogy candidates for numerical evaluation on investigating the optimal topological property. We

applied our mathematical formula on numerical evaluation to evaluate the average performances.

We found that the scale-free physical topology where the degree distribution follows a power law

could support fractal virtual networks flexibly and robustly. We also simulated a brain network

case in which a full mesh virtual network was as the brain functional connectivity. We found that

the result was same as the case of supporting fractal virtual networks,but different from the re-

sults in brain networks. And the result indicates that the topology of brain structural connectivity

cannot directly apply to information networks to support fractal virtual networks. Therefore, it is

necessary to find a physical topology as our results to support fractal virtual networks optimally.
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